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Abstract: The risk-based design of a reef breakwater requires the prediction of the temporal variations of the damage and wave transmission
coefficient during storms. The cross-shore numerical model is extended to the landward zone of the wave transmission. The extended model is
compared with 148 tests for a reef breakwater with a narrow crest at or above the still water level where the narrow crest was lowered by wave
action. Themodel is also comparedwith an experiment on awide-crested submerged breakwater inwhich the crest height increased during 20-h
wave action. The damage, crest height, and wave transmission coefficient are predicted reasonably well; however, the damaged profile is not
predicted accurately. DOI: 10.1061/(ASCE)WW.1943-5460.0000180. © 2013 American Society of Civil Engineers.
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Introduction

A reef breakwater is a low-crested stone structure constructed for
beach stabilization and shore protection (Ahrens 1989). The reef
breakwater is designed to allow wave overtopping and transmission
aswell as some stonemovement and structure deformation as long as
the shore protection requirement is satisfied. This design flexibility
may reduce the structure cost; however, the hydraulic and structural
performance of the reef breakwater must be predicted reliably.

Empirical formulas can be used to predict wave transmission
over and through low-crested structures with no deformation (Goda
and Ahrens 2008). Wave transmission is sensitive to the crest height
of the reef breakwater relative to the still water level (SWL). Ahrens
(1989) conducted laboratory tests for a trapezoidal reef breakwater
with a crest width of three stone diameters, having seaward and
landward slopes of 1 on 1.5, and proposed an empirical formula to
predict the crest height of the stabilized reef breakwater for this
specific initial profile. Vidal et al. (1992) conducted a laboratory
experiment and showed the significant influence of the crest height
of a low-crested breakwater on the stone stability on its seaward
slope, crest, and landward slope of the low-crested breakwater. To
date, the stability anddamageprogression on a low-crested breakwater
of arbitrary geometry cannot be predicted reliably because avail-
able data sets are limited in comparisonwith the number of data sets
used for the development of stability and damage formulas for
conventional rubble mound breakwaters with little or no wave
overtopping (e.g., Melby and Kobayashi 2011).

Kobayashi et al. (2010) expanded the cross-shore numerical
model, CSHORE, to predict damage progression of a stone armor
layer on a conventional rubble mound breakwater. This paper ex-
tends the numerical model to the landward zone of the wave
transmission to predict the deformation of a reef breakwater under
irregular wave action. The extended model is compared with 148
tests by Ahrens (1989), in which a reef breakwater with a narrow
crest at or above the SWL was exposed to approximately 4,000
waves in each test. The narrow crest was lowered because of the
landward and seaward stone displacement on the steep (1/1.5) slopes
in these tests. The numerical model is evaluated using the measured
damage, lowered crest height, and wave transmission coefficient
for each test. The numerical model is also compared with the ex-
periment by Ota et al. (2006) in which a wide-crested submerged
reef breakwater was deformed by 20 h of wave action. The land-
ward stone movement on the wide crest resulted in the increase
of the crest height and the decrease of the wave transmission
coefficient.

Numerical Model

An emerged reef breakwater consisting of a homogeneous pile of
stones is depicted in Fig. 1. Alongshore uniformity and normally
incident waves are assumed. The cross-shore coordinate x is positive
onshore with x5 0 at the offshore location of the incident irregular
wave measurement. The landward end location of x5 xm corre-
sponds to the location of the transmitted wave measurement. The
vertical coordinate z is positive upward with z5 0 at the SWL. The
upper and lower boundaries of the stone breakwater are located at
z5 zbðxÞ and zpðxÞ, respectively, where the lower boundary is as-
sumed to be impermeable and zbðxÞ5 zpðxÞ seaward and landward
of the breakwater. The horizontal SWL and zbðxÞ intersect at
x5 xSWL and xs, where the hydrodynamicmodel byKobayashi et al.
(2010) was limited to the seaward wet zone of x, xSWL and the wet
and dry zones of xSWL , x, xs. The crest is located at x5 xc cor-
responding to themost landward location of themaximum zbðxÞ. The
hydrodynamic model computes the wave overtopping rate qo as
the sum of the volume fluxes q and qp at x5 xc above and inside
the porous breakwater, respectively. The computation in the wet and
dry zones is limited to the zone of x, xd , where the computed mean
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water depth h exceeds 0.01 cm. The computation end point xd is
located between xSWL and xs, as explained subsequently. If the crest
of the deformed breakwater under wave action becomes submerged,
then no wet and dry zones exist and the hydrodynamic model for the
wet zone is the same as that developed for a submerged porous
breakwater by Kobayashi et al. (2007).

The hydrodynamic model by Kobayashi et al. (2010) is extended
to the landward wet zone of x. xs. For low-crested structures, the
computation in the wet and dry zone normally ends at x5 xs and
xd 5 xs. However, this is not the case for small wave heights and
periods. If xd , xs, then the overtopping flow does not reach the
landward wet zone and no water is present in the zone of xd , x, xs
above zbðxÞ. If xd $ xc, then the wave overtopping rate qo computed
at xc is assumed to determine the volume flux qp 5 qo in the zone of
xd , x, xs below zbðxÞ. If xd , xc, then wave runup on the seaward
slope does not reach the crest of the structure. In this case of no
overtopping, the volume flux qp in the zone of xd , x, xs is esti-
mated using the formula based on the water level difference between
the two points at x5 xd above the SWL and xs at the SWL by
Kobayashi and de los Santos (2007).

In the landward wet zone, plunging water at x5 xs produces
complex hydrodynamics in the transition zone of xs , x, xt in
Fig. 1, where the still water depth dt is specified to estimate the
landward location of x5 xt. The mean water depth hs and the free
surface standard deviation ss at x5 xs are computed by the hy-
drodynamic model in the wet and dry zones. The ratio of dt=hs is the
jump of the water depth in the transition zone. The assumption of
ðdt=hsÞ5 10 is made in the following computations. The computed
results are found to be insensitive to this depth ratio on the order of
10. If xd , xs, then hs 5 0 and ss 5 0. Under these conditions, the
volume flux qp 5 qo at x5 xs through the porous structure is as-
sumed to generate transmitted waves. For this case of no plunging
water, dt 5 1 cm is used for the seepage flow transition below the
SWL.

In the zone of x. xt, use is made of the following two equations
based on linear wave theory (Kobayashi et al. 2007):

shsU þ hU þ qp ¼ qo; sU ¼ Csh=h for x. xt (1)

wheresh 5 standard deviation of the free surface elevation h above
the SWL related to the spectral significant wave height Hmo 5 4sh;
sU 5 standard deviation of the depth-averaged horizontal velocity
U;h5meanwater depth given by h5 ðh2 zbÞwithh5meanwater
level above the SWL; U 5 wave-induced current velocity; qp 5
volume flux inside the porous layer with its thickness hp 5 ðzb e zpÞ;
qo 5wave overtopping rate including the seepage rate computed by

the hydrodynamic model in the wet and dry zones; and C 5 wave
phase velocity approximated as C5 ðghÞ0:5 with g 5 gravitational
acceleration. The probability distributions of h and U are assumed
to be Gaussian in the wet zone and the term shsU in Eq. (1) is the
wave-induced onshore flux above zb. The volume flux at the
landward boundary x5 xm is assumed to be the wave overtopping
rate qo as indicated in Fig. 1. This assumption may be reasonable
for the emerged reef experiment by Ahrens (1987), where water
was allowed to flow landward; however, some water could have
returned seaward especially after the reef was submerged. For
the submerged reef experiment by Ota et al. (2006), qo 5 0 at
x5 xm because of no flux at the end of their flume experiment. The
wave transmission coefficient Kt is defined as the ratio between
Hmo 5 4sh at x5 xm and Hmo at x5 0. The volume flux qp through
the thickness hp for the zone of x. xs is estimated assuming that
the discharge velocity ðqp=hpÞ remains the same as the discharge
velocity at x5 xs computed by the hydrodynamic model in the wet
and dry zones. The flux qp decreases landward with the decrease
of hp.

Eq. (1) is used to obtain sh, h5 ðh1 zbÞ, sU , and U, where sU

and U are required for the prediction of the stone transport rate, as
explained subsequently. If xd 5 xs, then plunging water occurs at
x5 xs and the values of sh 5 ss, h5 hs, sU , and U at x5 xs with
zb 5 0 are known. It is simply assumed that sh 5ss and h5 hs
for x. xs. Eq. (1) is used to obtain sU and U for x$ xt. The values
of sU and U in the transition zone are interpolated linearly be-
tween those at x5 xs and xt. If xd , xs, then ss 5 0 and hs 5 0.
The assumption of no wave setup ðh5 0Þ for x. xs may be ac-
ceptable; however, the assumption of sh 5 0 for x. xs implies no
wave transmission through the porous structure. The assumption
ofU5 0 for x. xs is made instead to obtainsh andsU using Eq. (1).
The values of sh and sU in the transition zone are interpolated
linearly between those at x5 xs and xt.

The volumetric rate qb of stone transport in the computation
domain of 0# x# xm is estimated using the formula for bed load by
Kobayashi et al. (2010). This formula predicts onshore stone
movement on the bottom located at z5 zbðxÞ as long as the local
bottom slope ð∂zb=∂xÞ is less than approximately 1/3. The stone
movement on the steep seaward slope exceeding 1/3 is offshore. The
formula for qb accounts for limited stone availability, and qb 5 0 if
zb 5 zp. The input empirical parameters in the subsequent compu-
tations are taken to be the same as those used by Kobayashi et al.
(2010) except for the critical stability number Nc of the order of
unity, which is related to the critical threshold velocity of stone
movement. The calibrated value of Nc for three tests of a con-
ventional rubble mound breakwater was 0.6 or 0.7. For the present
comparisons for low-crested and submerged reef breakwaters,

Fig. 1. Wave overtopping and transmission through emerged reef breakwater
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use is made of Nc 5 1:0, where the critical velocity is proportional
to

ffiffiffiffiffi

Nc
p

. The increase of Nc reduces the deformation of reef
breakwaters. The temporal change of the bottom elevation zb is
computed using the conservation equation of the stone volume
where the stone porosity is assumed to remain constant. The com-
putation time is of the order of 1023 of the duration of a laboratory
test.

Comparison with Narrow Reef Data

Ahrens (1987, 1989) conducted reef breakwater model tests in
a channel of 61-cm width constructed in a wave tank that was 1.2-m
high, 4.6-m wide, and 42.7-m long. A reef breakwater with a crest
width of three stone diameters was constructed on a horizontal
bottom. The seaward and landward slopes were 1/1.5. The nu-
merical model is compared with five sets consisting of 148 tests as
summarized in Table 1. The nominal stone diameterDn50 is defined
as Dn50 5 ðM50=rsÞ1=3 with M50 5 median stone mass and rs 5
stone density. Two sizes of stone were used in these tests. For
the smaller stone, M50 5 17 g, rs 5 2:63 g=cm3, and np 5 0:45,
where np 5 porosity of the stone structure. For the larger stone,
M50 5 71 g, rs 5 2:83 g=cm3, and np 5 0:44. The still water depth
ds above the horizontal bottom was 25 or 30 cm. The initial reef
crest height h9c above the horizontal bottom was near the SWL
for Set 1 and above the SWL for Sets 2–5. The incident waves for
each test were measured approximately 3-m seaward of the reef
breakwater. The spectral significant wave height Hmo was in the
range of 1.7–11.6 cm. The spectral peak period Tp was in the range
of 1.3–2.6 s. The duration of each test was approximately 3,750Tp.
The crest of the reef breakwater was lowered because of the
onshore stone movement on the crest and landward slope and
the offshore stone movement on the seaward slope during each
test. The eroded area Ae and the crest height hc at the end of each
test were measured and reported by Ahrens (1987). The trans-
mitted waves were measured about 1-m landward of the break-
water and the transmitted significant wave height was reported
for each test.

Fig. 2 compares the measured and computed damage S defined
as S5 ðAe=D2

n50Þ. The root-mean-square relative error E is cal-
culated separately for each test, whereE is the standard deviation of
the relative error given by ðCi eMiÞ=Mi with Ci and Mi 5 com-
puted and measured values for the ith test in each set. The perfect
agreement and deviations of a factor of 2 are indicated by a solid
line and dashed lines, respectively. The numerical model tends to
underpredict S for Set 5 and overpredict S for Set 7. The value of
E for Set 9 is large because the measured S for six tests out of 13
tests in Set 9 was less than unity and the very small damage is
difficult to predict accurately. The agreement could be improved
by calibrating the critical stability number Nc for each set instead
of Nc 5 1:0 for all sets; however, the overall agreement of a factor
of about 2 is similar to that of the empirical damage prediction for
conventional rubble mound breakwaters (Melby and Kobayashi
2011).

Fig. 3 compares the measured and computed crest heights hc
normalized by ds at the end of each test, where ðhc=dsÞ, 1 implies
the reef crest below the SWL after the test completion. The dashed
lines in Fig. 3 indicate 20% deviations from the solid line of perfect
agreement. The agreement appears better in Fig. 3 than in Fig. 2
because the crest height is hardly affected by the small damage S.
The numerical model tends to overpredict ðhc=dsÞ for tests with the
measured ðhc=dsÞ, 1 in Sets 3 and 5. This overprediction of the
submerged crest height may be caused by the artificial separation
of the various zones relative to the SWL. For practical applications,
the temporal water level variation may reduce the effect of this
artificial separation.

Fig. 4 shows the measured and computed wave transmission
coefficients, where the dashed lines indicate deviations of a factor
of 2 from the solid line of perfect agreement. The data points with
significant underprediction of Kt correspond to the tests with the
incident wave height Hmo of the order of the nominal stone diam-
eter Dn50. The numerical model does not account for discrete stone
units and cannot predict the wave transmission through the width
of several stone diameters. The data points with the computed
Kt x 1:0 correspond to the tests with hc=dt x 1:0, in which the
separation between the wet zone and the wet and dry zones in the
numerical model becomes too artificial. Some of the disagreement

Table 1. Summary of Narrow Reef Experiment by Ahrens (1987)

Set Number of tests Dn50 (cm) ds (cm) h9c (cm) Hmo (cm) Tp (s)

1 27 1.86 25 24.1–24.8 2.9–10.2 1.4–2.5
3 29 1.86 25 28.7–29.4 2.6–9.6 1.4–2.6
5 41 1.86 25 34.4–35.3 1.8–9.1 1.3–2.5
7 38 2.93 25 31.2–31.8 1.7–9.2 1.4–2.6
9 13 2.93 30 31.6–31.8 5.2–11.6 1.4–2.6

Fig. 2. Measured and computed damage S for narrow reefs

Fig. 3. Measured and computed crest heights for narrow reefs
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in Fig. 4 arises from the disagreement in Fig. 3 because the wave
transmission coefficient is sensitive to the crest height ðhc e dsÞ
above the SWL. The overall agreement in Fig. 4 is no better than that
of the empirical formula by Goda and Ahrens (2008), in which the
measured values of hc were used.

Comparison with Wide Submerged Reef Data

A number of wide submerged reef breakwaters were constructed in
Japan. The design of these breakwaters was based on static stability
criteria against design storm conditions. Ota et al. (2006) conducted
an experiment to investigate the performance of such a breakwater
against storm waves exceeding the design wave conditions. The
experiment was conducted in a wave flume that was 29-m long,
0.5-mwide, and 0.75-m high. A reef breakwater was constructed of
stone on a slope of 1/30. The nominal diameter and porosity of the
stone were Dn50 5 2:52 cm (M50 5 42:8 g and rs 5 2:69 g=cm3)
and np 5 0:5. The crest width was 110 cm. The still water depths
at the toe and on the crest were 22.2 and 5.5 cm, respectively. The
seaward and landward slopes were 1/3 and 1/2, respectively. The
incident waves were measured in a water depth of 50 cm on
the horizontal bottom approximately 9.5-m seaward of the break-
water toe. The transmitted waves were measured 0.5-m landward of
the breakwater heel. The breakwater was exposed to 60 bursts of

wave action, where each burst lasted 20 min. The measured spectral
period and spectral significant wave height were approximately
2.0 s and 11.5 cm.

The measured initial profile was smoothed before the computa-
tion because the numerical model does not account for discrete stone
units. The measured and computed final profiles after the 20-h wave
action are shown along with the smoothed initial profile in Fig. 5.
The numerical model predicts the measured onshore stone move-
ment and crest height increase; however, the shape of the deformed
seaward slope is not predicted well. Fig. 6 shows the measured and
computed temporal variations of the damage S for the 20-h duration.
The damage progressed almost linearly with time, unlike conven-
tional rubble mound breakwaters with little wave overtopping
for which the damage progression was observed to slow downwith
time (Melby and Kobayashi 2011). Figs. 5 and 6 indicate that the
damaged profile is harder to predict than the damaged area. Fig. 7
shows the measured and computed temporal variations of the wave
transmission coefficient, which decreased with time because of the
increase of the crest height. The numerical model initially under-
predicted the wave transmission coefficient somewhat. The degree
of the underprediction increased with time, perhaps because of the
difference between the measured and computed crest shapes as
shown in Fig. 5.

Conclusions

The deformation of a reef breakwater and the wave transmission
landward of the deforming breakwater need to be predicted to
perform the risk-based design of the breakwater. The cross-shore
numerical model, CSHORE, is extended to the landward wet
zone of wave transmission caused by wave overtopping over the
breakwater and water volume flux through the porous breakwater.
The extended model is compared with 148 tests by Ahrens (1989),
where a reef breakwater with a narrow crest at or above the SWL
was exposed to approximately 4,000 waves in each test. The
numerical model is found to predict the damage and wave trans-
mission coefficient within a factor of about 2 if the incident sig-
nificant wave height is larger than the nominal stone diameter. The
lowered crest height is predicted within errors of about 20%. The
numerical model is also compared with the experiment by Ota et al.
(2006), in which the crest height of a wide-crested submerged reef
breakwater increased during 20-h wave action. The numerical
model predicts the temporal variations of the damage and wave
transmission coefficient fairly well; however, the damaged sea-
ward profile of the breakwater is not predicted accurately. The

Fig. 4. Measured and computed wave transmission coefficients for
narrow reefs

Fig. 5. Measured and computed deformed reef profiles atop the bottom slope after 20-h wave action
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errors of the numerical model will reduce the reliability of the risk-
based design of the breakwater. To improve the extended model,
detailed hydrodynamic measurements are required in the vicinity
of the reef crest located near the SWL.
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